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Action of 4 dimensional N=4 supersymmetric Yang–Mills theory is written by em-
ploying the superfields in N=4 superspace which were used to prove the equivalence
of its constraint equations and equations of motion. Integral forms of the extended
superspace are engaged to collect all of the superfields in one “master” superfield. The
proposed N=4 supersymmetric Yang–Mills action in extended superspace is shown to
acquire a simple form in terms of the master superfield.
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1 Introduction
Maximally supersymmetric gauge model in four dimensions that contains fields
with spins at most one is N=4 supersymmetric Yang–Mills (SYM) theory [1].
This theory is distinguished for its finiteness and duality properties and studied
extensively since last three decades (for some reviews see [2, 3]). In spite of
these facts, a superfield formulation of N=4 SYM in extended superspace is still
lacking. An off-shell formulation in terms of auxiliary fields of the N=4 SYM
multiplet is still unknown (for a formulation with an infinite number of fields
see [4]) A progress made in this direction was to accomplish the equivalences
of the superfield constraint equations and the equations of motion for N=3 and
N=4 SYM theories [5, 6]. In [7] a complete proof of this equivalence relation for
N=3 SYM was given by introducing a suitable gauge choice which eliminates
gauge freedom depending on Grassmann coordinates. Obviously, by superfields
we mean fields written as functions of superspace variables. Indeed, this gauge
choice permits one to find some recursion relations from the constraint equations
to construct superfields order by order in Grassmann variables. This method
was also applied to ten dimensional SYM equations [8]. Unlike the accustomed
superfields, components of the superfields constructed in [7, 8] do not encompass
any auxiliary field. Hence, they do not demand an off–shell supersymmetric
formulation, but at the cost of considering superfields which do not possess the
usual supersymmerty properties.
Superfields constructed in [8] were employed to construct physical states in
Berkovits quantization of superparticles and superstrings in ten dimensions [9].
Also, the approach of [7] was applied to define deformed N=4 SYM equations
[10]. Recently, in terms of these superfields an alternative superfield formulation
of N=1 SYM without auxiliary fields in 4 dimensions was given [11].
We present a formulation of 4 dimensional N=4 SYM action in terms of the
superfields of [7]. Moreover, we show that these fields can be written as integral
forms and be collected in a “master” superfield such that the N=4 action can
be expressed in a simple, compact form.
Though how to determine components of the superfields by recursion rela-
tions is known, actual calculation of components which are third or fourth order
in Grassmann variables is a hard task. One of the other important issues to
write an action in extended superspace is to define a measure which is invari-
ant under the global SU(4) group. We propose a measure which is suitable to
achieve our goal. Acquainted with these we write an action in terms of super-
fields and prove that the action of N=4 SYM theory in terms of component
fields results, after a lengthy calculation. For the coefficients appearing in the
action there are more than one solution.
Engaging differentials of Grassmann variables the N=4 SYM superfields can
be written as integral forms [12] (see also [13]) and be collected into a “master”
superfield. Then, the N=4 SYM action can be written in a compact way. This
action is apparently first order in space–time derivatives and there are two terms
which are quadratic and cubic in master superfield. Indeed, all other powers of
master superfield give vanishing contributions to the action. Also in this case,
2
there are some different solutions for the coefficients involved.
In the next section we recall formulation of 4 dimensional N=4 SYM theory
in terms of component fields. In Section 3 after giving the definitions of su-
perfields, we present their first two components in Grassmann variables of the
extended superspace. The higher components are listed in Appendix. In Sec-
tion 4 we present the general formulation in terms of superfields after a choice
of measure. In Section 5 we give the definition of master superfield as a col-
lection of integral forms. We demonstrate that the N=4 SYM theory action in
extended superspace acquires a simple form. In the last section we discuss the
results obtained and some open questions.
2 Component fields formulation
The N=4 Yang–Mills supermultiplet consists of one gauge field3 aαα˙ = σ
µ
αα˙Aµ,
eight Weyl fermions λiα , λ¯
i
α˙ and six scalars φij = −φji = 12ǫijklφkl. Spinor
indices are4 α , α˙ = 1, 2. i, j = 1, · · · , 4, denote indices of the global symmetry
group SU(4). In fact, aαα˙ is a singlet, λ
α
i and λ¯
i
α˙ are in the 4 and 4¯ represen-
tation and φij are in the second rank, self dual 6 representation of SU(4). All
of the fields are in the adjoint representation of a non–abelian gauge group.
Hermitian conjugation which we attribute to the fields is
(aαβ˙)
† = −aβα˙ , (λiα)† = λ¯iα˙ , (φij)† = φij .
N=4 extended SYM action in the component fields aαα˙, λiα, φij can be writ-
ten as
I =
∫
d4xTr
(1
8
fα˙β˙f
α˙β˙ +
1
8
fαβf
αβ +
1
16
Dαα˙φijD
α˙αφij − i
4
λαi Dαα˙λ¯
iα˙
− i
8
φij{λαi , λjα} −
i
8
φij{λ¯iα˙, λ¯jα˙}+
1
64
[φij , φkl][φ
ij , φkl]
)
, (1)
where Dαα˙ = ∂αα˙ + [aαα˙, ·]. fαβ and fα˙β˙ are self-dual and anti-self-dual field
strengths defined as5
fαβ = −1
2
ǫα˙β˙
(
∂αα˙aββ˙ − ∂ββ˙aαα˙ + [aαα˙, aββ˙]
)
,
fα˙β˙ = −
1
2
ǫαβ
(
∂αα˙aββ˙ − ∂ββ˙aαα˙ + [aαα˙, aββ˙]
)
.
The action (1) is invariant under the on-shell N=4 supersymmetry transfor-
mations:
δaαα˙ = −ξiαλ¯iα˙ − ξ¯iα˙λiα, (2)
3We always make the identification xαα˙ = σ
µ
αα˙
xµ , x
α˙α = σ¯α˙αµ x
µ , ∂αα˙ = σ
µ
αα˙
∂µ .
4We use Wess-Bagger conventions [14] to raise and lower the spinor indices: θα =
ǫαβθ
β , θα = ǫαβθβ , ǫαβǫ
βγ = δγα.
5Note that, fαβ = (σ
µν )γαǫγβfµν and fα˙β˙ = ǫα˙γ˙(σ¯
µν )γ˙
β˙
fµν where fµν = ∂µaν − ∂νaµ +
[aµ, aν ] as usual.
3
δλiα = 2iξ
β
i fαβ − iξjα[φik, φkj ]− 2iξ¯jα˙Dαα˙φij , (3)
δφij = ξ
α
i λjα − ξαj λiα + ǫijkl ξ¯kα˙λ¯lα˙, (4)
where ξi, ξ¯
i are constant Weyl spinors.
3 Superfields in N=4 superspace
N=4 extended superspace is parametrized by the coordinates
(xµ, θαi , θ¯
i
α˙). (5)
Translations in this extended superspace
xαα˙ → xαα˙ + 2i(ζ¯iα˙θiα + ζiαθ¯iα˙) , θαi → θαi + ζαi , θ¯iα˙ → θ¯iα˙ + ζ¯iα˙
are generated by T ≡ ζαi Qiα + ζ¯iα˙Q¯α˙i , where ζαi , ζ¯iα˙ are Grassmann constants.
The supercharges
Qiα =
∂
∂θαi
− iθ¯iα˙∂αα˙ , Q¯iα˙ = − ∂
∂θ¯iα˙
+ iθαi ∂αα˙, (6)
satisfy the graded algebra
{Qiα, Q¯α˙j} = 2iδij∂αα˙,
{Qiα, Qjβ} = {Q¯α˙i, Q¯β˙j} = [∂αα˙, Qiβ] = [∂αα˙, Q¯β˙i] = 0.
To construct supersymmetric actions in superspace it is convenient to be ac-
quainted with the differential operators
Diα =
∂
∂θαi
+ iθ¯iα˙∂αα˙ , D¯iα˙ = − ∂
∂θ¯iα˙
− iθαi ∂αα˙, (7)
that anticommute with the supercharges (6):
{Qiα,Djβ} = {Q¯α˙i,Djα} = {Qiα, D¯jα˙} = {Q¯α˙i, D¯β˙j} = 0.
An off–shell N=4 SYM formulation is not available which would lead to con-
struction of N=4 superfields living in the N=4 superspace (5) making use of
accustomed methods. However, there exists another approach of introducing
superfields whose components are constituted by the fields which are not auxil-
iary, in terms of the constraint equations for the superconnections Aαα˙, ω
i
α and
ω¯iα˙ [7]. The supercovariant derivatives in N=4 superspace
6,
∇iα = Diα + [ωiα, ·], (8)
∇¯iα˙ = D¯iα˙ − [ω¯iα˙, ·], (9)
∇αα˙ = ∂αα˙ + [Aαα˙, ·]. (10)
6Note that, (A
αβ˙
)† = −Aβα˙ but (ω
i
α)
† = ω¯iα˙
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should satisfy the constraint equations
{∇iα, ∇¯jα˙} = −2iδij∇αα˙, (11)
{∇iα,∇jβ} = −2iǫαβΦij , {∇¯α˙i , ∇¯β˙j } = 2iǫα˙β˙Φij , (12)
[∇iα,∇ββ˙ ] = ǫαβΛ¯iβ˙ , [∇¯iα˙,∇ββ˙ ] = −ǫα˙β˙Λiβ . (13)
Here the upper–case letters indicate superfields whose first components are pro-
portional to the component fields given by the lower–case letters. Let us also
define the operator
D = θαi ∇iα − θ¯iα˙∇¯iα˙. (14)
One can show that Bianchi identities resulting from (11)–(13) lead to the recur-
sion relations
DAαα˙ = −θiαΛ¯iα˙ − θ¯iα˙Λiα, (15)
DΛiα = 2iθβi Fαβ − i[Φik,Φkj ]θjα − 2iθ¯jα˙∇αα˙Φij , (16)
DΦij = θαi Λjα − θαj Λiα + ǫijkl θ¯kα˙Λ¯lα˙. (17)
Being superconnections there are some redundant parts in ω, ω¯ which should
be eliminated, obviously leaving the usual Yang–Mills gauge transformations
intact. Adopting the gauge fixing condition
θαi ω
i
α + θ¯
iα˙ω¯iα˙ = 0, (18)
that eliminates all the gauge transformations depending on the Grassmann co-
ordinates θαi , θ¯
iα˙, which is similar to the Wess–Zumino condition, the recursion
relations for the spinor superconnections can be derived from (15) and (17) as
(1 +D)ωiα = 2iθ¯iα˙Aαα˙ − 2iΦijθαj , (19)
(1 +D)ω¯iα˙ = 2iθαi Aαα˙ + 2iΦij θ¯jα˙. (20)
Note that after the gauge choice (18) the operator (14) turned to be the
counting operator of the anticommuting coordinates θαi and θ¯
i
α˙ :
D = θαi
∂
∂θαi
+ θ¯iα˙
∂
∂θ¯iα˙
.
Therefore, the superfields ω,A,Φ,Λ can be found from the recursion relations
(15)–(20) order by order in θ, θ¯.
When one replaces the upper–case letters with the lower–case ones in (15)–
(16), D can be replaced with δ which is the supersymmetry transformation
(2)–(4) with the replacements ξ → θ, ξ¯ → θ¯. If the above superfields are written
order by order in θ, θ¯, as
Aαα˙ = s0A
(0)
αα˙ + s1A
(1)
αα˙ + · · ·+ snA(n)αα˙ , (21)
Φij = e0Φ
(0)
ij + e1Φ
(1)
ij + · · ·+ enΦ(n)ij , (22)
Λiα = z0Λ
(0)
iα + z1Λ
(1)
iα · · ·+ znΛ(n)iα , (23)
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where sm, em, zm ;m = 0, 1 · · · 16, are real constants, the unique solution to any
desired order can also be found as,
A
(m)
αα˙ = δA
(m−1)
αα˙ , Φ
(m)
ij = δΦ
(m−1)
ij , Λ
(m)
iα = δΛ
(m−1)
iα (24)
by setting s0 = e0 = z0 = 1 and
sm = em , mzm = sm−1 , msm = zm−1; m = 1, · · · , 16. (25)
Hence, to obtain the superfields A,Λ,Φ one can proceed in two equivalent
ways: Make use of the recursion relations (15)–(16) directly or perform the
transformations (24).
In terms of the arbitrary scale factors l and b which are real constants, let
us define the zeroth order components as
A
(0)
αα˙ = aαα˙, Λ
(0)
iα = lλiα, Φ
(0)
ij = bφij .
The first order components of the superfields A,Φ,Λ can be derived from these
as
A
(1)
αα˙ = −lθiαλ¯iα˙ − lθ¯iα˙λiα, (26)
Λ
(1)
iα = 2iθ
β
i fαβ − ib2[φik, φkj ]θjα − 2ibθ¯jα˙Dαα˙φij , (27)
Φ
(1)
ij = lθ
α
i λjα − lθαj λiα + lǫijklθ¯kα˙λ¯lα˙. (28)
On the other hand, the spinor superconnection ω can be separated into two
parts:
ωiα = v
i
α + u
i
α,
such that the gauge condition (18) takes the form
θαi v
i
α + θ¯
iα˙v¯iα˙ = 0 , θ
α
i u
i
α = θ¯
iα˙u¯iα˙ = 0.
There are no zeroth order components, their first and the second order com-
ponents can be calculated from the recursion relations (19)–(20) and (26)–(28)
as
v(1)iα = iθ¯
iα˙aαα˙ , v
(2)i
α =
−2il
3
θ¯iα˙(θkαλ¯
k
α˙ + θ¯
k
α˙λkα), (29)
u(1)iα = −ibθjαφij , u(2)iα =
2il
3
θjα(θ¯
iα˙λ¯jα˙ − θ¯jα˙λ¯iα˙). (30)
Here we presented the first two components of the superfields. The higher
order terms are listed in Appendix.
4 N=4 SYM action in terms of superfields
We wish to find an action in terms of the superfields ω,A,Λ,Φ and the deriva-
tives ∂αα˙, such that after performing integrals over the Grassmann variables θ, θ¯
6
it attains the action in terms of component fields (1). Inspecting components of
the superfields ω,A,Λ,Φ one observes that if we do not restrict the integration
over θ, θ¯ but integrate over the whole superspace, the desired result cannot be
achieved.
We propose the action, in terms of the constant parameters k1, · · · , k6,
S = ik1 < ω¯iα˙∂
α˙αωiα > +ik2 < ω¯iα˙[A
α˙α, ωiα] >
+ik3 < ω
iαΛiα − ω¯iα˙Λ¯α˙i > +k4 < Aαα˙Aα˙α >
+ik5 < Φij{ωiα, ωjα}+Φij{ω¯iα˙, ω¯α˙j } > +k6 < ΦijΦij >, (31)
where we defined, by the normalization constant N = 1/3200,
< O >≡ N
(∫
d4x dθαi dθjαdθ¯
i
α˙dθ¯
jα˙ Tr O
)
θ=θ¯=0
. (32)
Thus, the only non–vanishing θ, θ¯ contribution to the integral is
< θαi θ
β
j θ¯
kα˙θ¯lβ˙K(x) >= N
8
ǫαβǫα˙β˙(δki δ
l
j + δ
k
j δ
l
i)
∫
d4x Tr K(x), (33)
for any function K(x). With this choice of measure (32), due to mass dimensions
and R-charges of the superfields (Table 1), (31) is the most general action one
can write up to total derivatives.
Table 1: Dimensions d, and R-weights.
Aαα˙ λi Φij ω
i θi
d 1 3/2 1 1/2 -1/2
R 0 -1 -2 1 -1
Because of the choice of measure (32) which is manifestly SU(4) invariant,
components of the superfields at most up to the fourth order in θ, θ¯ are required.
Carrying out integrals over the variables θ, θ¯ in (31) is a very lengthy calculation
although it is straightforward. Nevertheless, using the identity
[φij , φ
jk][φkl, φ
li] =
1
2
[φij , φkl][φij , φkl], (34)
and performing the integrals over θ, θ¯, we conclude that to get the action (1)
from (31) the coefficients k1, · · · , k6, should satisfy the equations
12k2 − 3k1 − 4k3 + 2k4 = 0, (35)
−3k1 + 10k3 − 8k4 = 3
20N , (36)
k2 − 2k5 = 0, (37)
k4 − 2k6 = − 1
10N l2 , (38)
7
3k1 − 10k3 + 16k6 = 3
10N b2 , (39)
−k2 + k3 − k4 + 2k5 + 2k6 = − 3
20N bl2 , (40)
−3k2 − 7k3 − 3k4 + 18k5 + 16k6 = 3
16N b4 . (41)
Although these equations possess some different solutions, by fixing
k6 = −3k4
2
(42)
one obtains the solution
k1 = −8(104 + b(282 + b(16 + 63b))), (43)
k2 =
1
10
(−2815− 4b(1974 + b(115 + 441b))), (44)
k3 = −12
5
(105 + b(282 + b(20 + 63b))), (45)
k4 = −3
(
21 + 4b2
)
, (46)
k5 =
k2
2
, (47)
with the scale factors
b =
√
−2 +
√
26/2 , l = 4
√
(5− 4b2)/39, (48)
whose signs can be taken diversely, i.e. b→ ±b, l→ ±l are also solutions.
5 A formalism by integral forms
To acquire an understanding of underlying geometrical aspects of the formula-
tion given in the previous section, we would like to write superfields as integral
forms [12, 13]. Let us introduce the differentials dθ, dθ¯ whose (wedge) products
are commutative7:
dθαi ∧ dθβj = dθβj ∧ dθαi ,
dθ¯iα˙ ∧ dθ¯jβ˙ = dθ¯jβ˙ ∧ dθ¯iα˙,
dθαi ∧ dθ¯jα˙ = dθ¯jα˙ ∧ dθαi .
Obviously, to each superfield one can associate an integral form and write
the action (31) in terms of these forms. This would not give a new insight. How-
ever, we can collect differential forms possessing different degrees in a “master”
superfield as
7Here, we write the wedge product symbol ∧ explicitly to avoid the notational confusion.
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Ω = c1(u
i
α + v
i
α)dθ
α
i + ic2(2Aαα˙dθ
α
i ∧ dθ¯iα˙ + 3Φijǫαβdθαi ∧ dθβj )
−2ic3(Λiαǫα˙β˙dθαj ∧ dθ¯iα˙ ∧ dθ¯jβ˙ + 4Λ¯iα˙ǫαβdθ¯jα˙ ∧ dθαi ∧ dθβj )
+2c4(2Fαβǫα˙β˙dθ
α
i ∧ dθβj ∧ dθ¯iα˙ ∧ dθ¯jβ˙ + 8Fα˙β˙ǫαβdθ¯iα˙ ∧ dθ¯jβ˙ ∧ dθαi ∧ dθβj
+3[Φik,Φ
kj ]ǫαβǫα˙β˙dθ
α
j ∧ dθβn ∧ dθ¯iα˙ ∧ dθ¯nβ˙). (49)
Construction of this master superfield is twofold: Firstly, each component is
chosen to possess mass dimension equal to its form degree, e.g. the first compo-
nent is a one form and it has mass dimension one. Secondly, once the first order
components are chosen as one form, the second order components are related
to the first ones up to the constant c2, by the recursion relations (19) replacing
in the right hand side explicit θ, θ¯ with the differentials dθ, dθ¯. The third order
ones are obtained from the second order components utilizing the recursion re-
lations (15), (17), up to the constant c3. Similarly, the fourth order terms are
derived from the recursion relation (16) of the third order components, up to
the constant c4.
To write an action we also need the hermitian conjugate of Ω :
Ω† = −c1(u¯iα˙ + v¯iα˙)dθ¯iα˙ + ic2(2Aαα˙dθαi ∧ dθ¯iα˙ − 3Φijǫα˙β˙dθ¯iα˙ ∧ dθ¯jβ˙) (50)
−2ic3(4Λiαǫα˙β˙dθαj ∧ dθ¯iα˙ ∧ dθ¯jβ˙ + Λ¯iα˙ǫαβdθ¯jα˙ ∧ dθαi ∧ dθβj )
−2c4(8Fαβǫα˙β˙dθαi ∧ dθβj ∧ dθ¯iα˙ ∧ dθ¯jβ˙ + 2Fα˙β˙ǫαβdθ¯iα˙ ∧ dθ¯jβ˙ ∧ dθαi ∧ dθβj
+3[Φik,Φ
kj ]ǫαβǫα˙β˙dθ
α
j ∧ dθβn ∧ dθ¯iα˙ ∧ dθ¯nβ˙). (51)
Let us introduce the operator
d = i∂αα˙dθ
α
i ∧ dθ¯iα˙
which corresponds to derivatives ∂/∂xµ. In terms of the constants m1,m2,m3,
we propose the action, suppressing superspace integrals and trace over the gauge
group,
I = m1Ω
† ∧ d ∧ Ω +m2Ω† ∧ Ω+m3
(
Ω ∧Ω† ∧ Ω + Ω† ∧Ω ∧ Ω†) (52)
and the SU(4) invariant 4–form
dθαi ∧ dθβj ∧ dθ¯kα˙ ∧ dθ¯lβ˙ = ǫαβǫα˙β˙(δki δlj − δkj δli)dθγmdθnγdθ¯mγ˙ dθ¯nγ˙ . (53)
All other powers of the superfields Ω,Ω† give vanishing contributions due to the
choice of the measure (32)–(33). Comparing the coefficients of (52) with (31)
one can show that they are related as
k1 = 3m1c
2
1, k2 = −12m3c21c2, k3 = −48m2c1c3,
k4 = −48m2c22, k5 = −6m3c21c2, k6 = 72m2c22. (54)
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c4 does not play any role. Note that in this case the condition (42), namely
k6 = −3k4
2
is dictated spontaneously. Replacing k1, · · · , k6 in (31) with the values given
in (54), one obtains the equations which c1, · · · ,m3 coefficients should satisfy,
so that (52) reproduces the action (1). There exist several solutions to these
equations. By setting
c1 = c2 = 1
one can show that there exists a solution such that
c3 = 4 +
12
5
b
(
4 + b2
)
, (55)
m1 = −8
3
(104 + b(282 + b(16 + 63b))), (56)
m2 =
1
16
(
21 + 4b2
)
, (57)
m3 =
1
120
(2815 + 4b(1974 + b(115 + 441b))), (58)
where b and l are given with (48) as before.
6 Discussions
We presented a superfield formulation of N=4 SYM theory in 4 dimensions.
Superfields which we deal with do not possess auxiliary fields, in contrast to the
standard superfields which one engages to formulate off–shell supersymmetric
theories. Thus, techniques to carry out calculations like taking variations or
performing path integrals of their functionals with respect to these superfields
are obscure at the moment. Hence, we also do not know how to imply super-
symmetry invariance of the action (31) at the level of superfields. In spite of
all these facts, being able to introduce integral forms to write the action (31)
in terms of the master superfield Ω (52) is very promising. Getting a better
knowledge of the geometrical aspects of the master field (49) can shed some
light on the use of our formalism. One of the tools to deepen the understanding
how to operate with these superfields is to study the analogous formulations of
the N=1 SYM in 4 and 10 dimensions. Although, the former is available the
latter case is still missing.
Possessing a superfield formulation of N=4 SYM, even though without aux-
iliary fields, should also be helpful to study deformations of it in terms of Moyal
brackets: In spite of the fact that deformed equations of motion of N=4 SYM
were worked out [10] an underlying action is still missing.
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A Higher components of superfields
Here we list components of the superfields which are not given in Section 3.
Because of the choice of measure (32)–(33) some of the terms of components
evidently give vanishing contribution to the action (31). Below, “ · · · ” indicates
these terms which are not needed for our calculation.
From (26) by making use of the recursion relations (15)–(16) or performing
the supersymmetry transformations (24), the components of the superfield Aαα˙
can be obtained as
A
(2)
αα˙ = −i
(
θiαθ¯
iβ˙fα˙β˙ + θ¯
i
α˙θ
β
i fαβ − b2θiαθ¯jα˙[φik, φkj ]
)
+ · · · , (59)
A
(3)
αα˙ = −
il
6
θ¯iα˙θ
β
i
(
θkβDαβ˙ λ¯
kβ˙ + θkαDββ˙ λ¯
kβ˙ + θ¯kβ˙Dαβ˙λkβ + θ¯
kβ˙Dββ˙λkα + bθjα[λkβ , φ
kj ]
)
− il
6
θiαθ¯
iβ˙
(
θ¯kα˙Dββ˙λ
β
k + θ¯
k
β˙
Dβα˙λ
β
k + θ
β
kDββ˙λ
k
α˙ + θ
β
kDβα˙λ¯
k
β˙
− bθ¯jα˙[λ¯kβ˙ , φkj ]
))
+ · · · , (60)
A
(4)
αα˙ = −
i
24
θiαθ¯
iβ˙
(
l2θkβ
(
θ¯jα˙{λ¯kβ˙ , λ
β
j }+ θ¯jβ˙{λ¯
k
α˙, λ
β
j }
)
− l2θβj
(
θ¯k
β˙
{λkβ , λ¯jα˙}+ θ¯kα˙{λkβ , λ¯jβ˙}
)
+2iθjγ
(
θ¯jα˙Dββ˙f
βγ + θ¯j
β˙
Dβα˙f
βγ
)
+ 2iθβj θ¯
jγ˙
(
Dββ˙fα˙γ˙ +Dβα˙fβ˙γ˙
)
+θ¯jα˙
(
−4ib2θβm[Dββ˙φkm, φkj ] + 2l2θβk{λ¯kβ˙ , λjβ} − 2l2θ
β
j {λ¯kβ˙ , λkβ}
))
− i
24
θ¯iα˙θ
β
i
(
l2θ¯k
β˙
(
θjβ{λkα, λ¯jβ˙}+ θjα{λ¯j
β˙
, λkβ}
)
+ l2θ¯j
β˙
(
θkα{λjβ , λ¯kβ˙}+ θkβ{λjα, λ¯kβ˙}
)
+2iθ¯jγ˙
(
θjβDαβ˙f
β˙γ˙ + θjαDββ˙f
β˙γ˙
)
+ 2iθ¯jβ˙θγj
(
Dββ˙fαγ +Dαβ˙fβγ
)
+θjα
(
−4ib2θ¯mβ˙ [Dββ˙φkm, φkj ] + 2l2θ¯kβ˙{λkβ , λ¯jβ˙} − 2l
2θ¯jβ˙{λ¯k
β˙
, λkβ
))
+ · · · .(61)
To derive components of the superfield Λiα one departs from (27) and uses
the recursion relations (15)–(16) or performs the supersymmetry transforma-
tions (24):
Λ
(2)
iα =
il
2
θβi
(
θkβDαα˙λ¯
kα˙ + θkαDβα˙λ¯
kα˙ + 3θ¯kα˙Dαα˙λkβ
+θ¯kα˙Dβα˙λkα + bθjα[λkβ , φ
kj ]
)
+
ilb
2
θjα
(
ǫiklmθ¯
lα˙[λ¯mα˙ φ
kj ]− θ¯kα˙[λ¯jα˙, φik] + θ¯jα˙[λ¯kα˙, φik]
)
+ilθ¯jα˙
(
bθkα[λ¯
k
α˙, φij ] + bθ¯
k
α˙[λkα, φij ] + θ
β
j Dαα˙λiβ + · · · .
)
+ · · · , (62)
Λ
(3)
iα =
i
6
(
θβi θ¯
m
α˙ (2l
2θkβ{λmα, λ¯kα˙}+ 8l2θkα{λmβ , λ¯kα˙} − 2l2θmα{λkβ , λ¯kα˙}
+6l2θ¯kα˙{λmα, λ¯kβ}+ 2iθmβDαβ˙f α˙β˙ + 2iθmαDββ˙f α˙β˙)
+2iθβi θ¯
mα˙(θγmDβα˙fαγ + 2b
2θkβDαα˙[φ
kj , φjm] + b
2θkαDβα˙[φ
kj , φjm] + b
2θjα[Dβα˙φkm, φ
kj ])
−l2θ¯jα˙(5θβj θkα + θjαθβk ){λiβ , λ¯kα˙}
−2l2ǫiklmθ¯jα˙θjαθ¯lβ˙{λ¯mβ˙ , λ¯kα˙} − 4l2θ¯jα˙θ
β
j θ¯
kα˙{λkα, λiβ}
11
+2ib2θjαθ
γ
n(ǫiklm θ¯
lα˙[Dγα˙φ
mn, φkj ] + θ¯jα˙[Dγα˙φ
nk, φik])
−2ibθ¯jα˙θβj (bθmβDαα˙[φik, φkm] + 2θ¯kβ˙Dαα˙Dββ˙φik)
+4ibθ¯jα˙θ¯kα˙θ
β
k [fαβ , φij ]
+ib3θjαθ¯
m
α˙ (ǫiklnθ¯
lα˙[[φnp, φpm], φ
kj ] + θ¯kα˙[[φnj , φnm], φik])
+ib3θ¯jα˙θ¯mα˙ (θjα[[φ
nk, φnm], φik] + 4θkα[[φ
kn, φnm], φij ])
)
+ · · · . (63)
Similarly components of the superfield Φij are calculated from (28) in terms
of the recursion relations (15)–(16) or the supersymmetry transformations (24)
as
Φ(2)ij = − i
2
(
2bθ¯iα˙θ
α
kDαα˙φ
jk − bǫijkl θ¯nα˙θαkDαα˙φln − b2θ¯iα˙θ¯mα˙[φjk, φkm]
+
b2
2
ǫijklθαk θmα[φln, φ
nm]
)
+
i
2
(
i←→ j
)
+ · · · , (64)
Φ(3)ij =
i
6
(
2lθ¯iα˙θ¯kβ˙θαkDαα˙λ¯
j
β˙
− lǫijklθ¯mα˙θαk θβmDαα˙λlβ + lbǫjklnθ¯iα˙θ¯mα˙ θαl [λnα, φkm]
+lbθ¯iα˙θ¯mα˙ θ
α
m[λkα, φ
jk]− 3lbθ¯iα˙θ¯mα˙ θαk [λmα, φjk] + lbǫijklθ¯mα˙θ¯nα˙θαk [λnα, φlm]
+2lbθαk θmαθ¯
iα˙[λ¯mα˙ , φ
jk] +
lb
2
ǫijklǫlnprθ
α
k θmαθ¯
pβ˙ [λ¯r
β˙
, φnm]− 3lb
2
ǫijklθαk θmαθ¯
nβ˙ [λ¯m
β˙
, φln]
+
lb
2
ǫijklθαk θmαθ¯
mβ˙ [λ¯n
β˙
, φln]
)
− i
6
(
i←→ j
)
+ · · · , (65)
Φ(4)ij =
1
24
(
ǫjkln θ¯iα˙θ¯mα˙ θ
α
l
(
b3θpα[[φnr , φ
rp], φkm] + 2il
2θβm{λnα, λkβ}
)− 4il2θ¯iα˙θ¯kβ˙θαk θmα[λ¯mα˙ , λ¯jβ˙ ]
−b3θ¯iα˙θ¯mα˙ θnα
(
5θαk [φ
jk, [φmr, φ
rn]]− θαm[φjk, [φkr , φrn]]
)
+
1
2
ǫijklθαk θmα
(
b3ǫlnpr θ¯
pα˙θ¯qα˙[[φ
rz, φzq], φ
nm] + 2il2ǫlnpr θ¯
mα˙θ¯pβ˙{λ¯nα˙, λ¯rβ˙}
+5b3θ¯nα˙θ¯pα˙[φln, [φ
mr, φrp]]− b3θ¯mα˙θ¯pα˙[φln, [pφnr, φrp]]
)
+ 2il2ǫijklθαk θ
β
mθ¯
mα˙θ¯nα˙{λnα, λlβ}
)
−4bθ¯iα˙θ¯kβ˙θαk θβl Dαα˙Dββ˙φjl − 2ǫijkl θ¯mα˙θ¯nβ˙θαk θβmDαα˙Dββ˙φln
)
− 1
24
(
i←→ j
)
+ · · · . (66)
To find the third and fourth order components in θ, θ¯ of the spinor super-
connections ωiα ≡ vαi + uiα one takes (29)–(30) and operates with the recursion
relations (15)–(16):
v(3)iα =
1
2
θ¯iα˙
(
θ¯jα˙θ
β
j fαβ + b
2θ¯mα˙ θjα[φ
jk, φkm]
)
+ · · · , (67)
u(3)iα = −
b2
4
θjαθ¯
m
α˙
(
θ¯iα˙[φjk , φkm]− θ¯jα˙[φik, φkm]
)− 2bθ¯jβ˙θjαθβkDββ˙φik + · · · , (68)
v(4)iα = −
l
15
θ¯iγ˙θβj
(
θ¯kβ˙θkα(Dββ˙ λ¯
j
γ˙ +Dβγ˙ λ¯
j
β˙
) + θ¯jγ˙θkβDαβ˙ λ¯
kβ˙
+θ¯jγ˙θkαDββ˙λ¯
kβ˙ + bθjγ˙θmα[φ
mk, λkβ ]
)
+ · · · , (69)
12
u(4)iα = −
l
15
θjαθ¯
m
α˙
(
bθiα˙[φjk, λkβ ]− θβm(bθ¯jα˙[φik, λkβ ]− 2θ¯iγ˙Dβγ˙λ¯jα˙ + 2θ¯jγ˙Dβγ˙λ¯iα˙)
−3bθβk θ¯jα˙[φik, λmβ ]− bǫiklnθβl θ¯jα˙[λnβ , φkm]
)
+ · · · . (70)
The higher components in θ, θ¯ which are not listed here do not play any role
in our calculations.
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